Estimating the quality of a single-photon source is crucial for its use in quantum technologies.
I. INTRODUCTION
Single photons play an essential role in both fundamental and applied physics. On the one hand, for example, it has been theoretically argued [1] and experimentally verified [2] that nonlocality may be an intrinsic characteristic of a single electromagnetic field excitation. On the other, due to their weak interaction with the environment, single photons are good candidates for quantum key distribution where security may be monitored in real time [3] . The full range of applications beyond those mentioned here stoke the quest for a perfect singlephoton source that emits indistinguishable single photons on demand at a high repetition rate that can be collected or coupled to optical channels with high efficiency [4] . In a more realistic approach, different applications require different characteristics [5] but all call for a high-quality single-photon source. The characterization of such sources is a relatively open problem. The current standard is based on the second-order correlation function, g (2) (τ ) [6] [7] [8] and assumes that single-photon states produce zero-delay values, τ = 0, that are less than one-half, g (2) (0) < 1/2 [9, 10] . In this notation, g (2) (0) is defined via creation(annihilation) operatorsâ † (â) of a single-mode field in the steady state as g (2) (0) = â †2â2 â †â 2 .
As this manuscript deals only with g (2) (τ = 0), we will omit the argument from now on.
Recently, two independent results shed new light on what can be estimated from low values of g (2) . Zubizarreta et al. [11] showed that sub-Poissonian light, g (2) < 1, implies a limited average photon number N = â †â and derived a hard lower bound of g (2) for any given N .
In particular, a value g (2) < 1/2 implies a quantum state with N < 2. Grünwald [12] showed that g (2) < 1/2 is sufficient to verify a non-zero single-photon projection. However, it can have an arbitrary amplitude. In fact, g (2) does help discriminate multi-photon contributions from single-and zero-photon contributions within the quantum state. It provides relative bounds for the ratio of single-to-multi-photon projection. Additional information, therein given in the form of the vacuum component, is required to obtain absolute bounds.
These results yield a somewhat surprising picture. The standard criterion g (2) < 1/2 is enough to witness the existence of a single-photon projection for a subset of sub-Poissonian (i.e. nonclassical) states. Yet, estimating the bounds of the single-photon projection requires additional information. In turn, knowledge of this additional parameter extends the range of applicable states. For example, for sources with 50% or more vacuum projection some classical states can be addressed such as low-excitation coherent and thermal states [12] .
Hence, g (2) as a source of information about the single-photon content of a quantum state of light is not restricted to nonclassical states.
Our aim here is to analyze how access to both the zero-time delay second-order correlation g (2) and the mean photon number N allows us to obtain knowledge about the single-photon projection (SPP) and the single-to-multi-photon projection ratio (SMPPR). We derive a new set of bounds for these quantities combining the results in the literature [11, 12] and
show that an effective second-order correlation functiong (2) N emerges, similar to the effective second-order correlation functiong (2) 0 defined in [12] . This quantity allows us to characterize the SPP and SMPPR for a range of states beyond that of the standard criterion g (2) < 1/2; in particular, classical states. Comparing the two effective correlation functions we find that the SMPPR has tighter lower bounds usingg (2) N . In contrast, absolute bounds are described better byg (2) 0 at least for low excitations states. In general, more states can be analyzed with our new criterion compared to those in the literature [12] .
The article is organized as follows. In Sec. II, we will give a brief review of major results from the literature [11, 12] . Afterwards, we present our derivation of the bounds for SPP and SMPPR based on g (2) and N in Sec. III. In Sec. IV we compare the quality of the different criteria derived here and in [12] . We give some examples for applications in Sec. V.
Finally, in Sec. VI, we present some conclusions and an outlook.
II. STATE OF THE ART
Let us briefly review the details of two recent papers [11, 12] relevant to our work. For a given average photon number N larger than one, there is a nonzero lower bound on the value of the zero-time delay second-order correlation function [11] ,
as higher Fock states must be occupied. We define the floor function x as the largest integer less than x. This hard boundary means that for any given N there exists a quantum state with g (2) equal to the right-hand-side of Eq. (2) . Despite the discontinuity of the floor function, the lower bound is continuous and monotonically increasing. In the limit N → ∞, the lower bound reaches one, as, for example, coherent states with g (2) = 1 are independent of N . It is relevant to our discussion that the average photon number is limited by two N < 2 for g (2) < 1/2.
In comparison, [12] is explicitly concerned with the SPP in a general quantum state and its relation to low g (2) . We start by splitting the quantum state of light into three parts,
where the projections onto the vacuum, single-and multi-photon states are given by p 0 , p 1 and q in that order. All expectation values discussed in [12] and this work, {g (2) , N, p k }, with the latter being the Fock-state projection p k = | k|ψ | 2 , are diagonal in the Fock basis.
Thus, we can limit the discussion to states of the type given by Eq. (3) without loss of generality. When there is no vacuum projection, p 0 = 0, an increase of the multi-photon projection q aligned with a decreasing SPP p 1 leads to an expected increase of the secondorder correlation g (2) . Less obvious, the vacuum contribution p 0 can also yield a higher value of g (2) while, in reality, lowering both the single-and multi-photon projection. Incoherently mixing vacuum into a quantum state without vacuum projection preserves the SMPPR p 1 /q.
This leads to an effective second-order correlation functioñ
that accounts for the effect of the vacuum projection p 0 . It is possible to derive a lower bound on the SMPPR that depends solely ong
The right-hand side is monotone with respect to the effective second-order correlation functiong (2) 0 . Hence, even without knowledge of the vacuum projection this ratio has a lower bound based solely on g (2) < 1/2. Furthermore, when this ratio is expected to be at least some value θ, the effective second-order correlation function is bounded from above bỹ
In contrast to these relative bounds, the absolute bounds on the SPP p 1 require individual knowledge of the vacuum projection p 0 and the second-order correlation function g (2) ,
The average photon number N and the second-order correlation function g (2) have encoded information on all the Fock-state projections p k of a quantum state. Together with the completeness relation ∞ k=0 p k = 1, they can be used to obtain well-defined lower boundaries on the single-photon projection p 1 . Akin to [12] , we define the contributions to N and g (2) from the multi-photon projection |ψ 2 , which have fixed lower bounds
as |ψ 2 contains no projection on vacuum and the single-photon Fock state. Both lower bounds are attained for |ψ 2 = |2 . For the general state |ψ we can write,
In order to recover information on p 1 , we use Eq. (10) to substitute qn 2 on Eq. (11) and solve for the SPP,
This is an exact relation that connects the SPP to N and g (2) . It states that for null SPP the product N g (2) of the overall quantum state must be equal to its multi-photon counterpart n 2 g 2 . If the state has neither vacuum nor SPP, this is obvious. If p 0 > 0, then the overall state represents vacuum mixing to the state |ψ 2 , as described before Eq. (4), and N → n 2 (1 − p 0 ) and g (2) → g 2 /(1 − p 0 ) cancel the vacuum contribution in the product.
The average photon number N and second-order correlation function g (2) are measurable quantities, but n 2 and g 2 are difficult to obtain. Using their lower bounds from Eq. (9) and combining them with Eq. (10), we can derive absolute bounds,
just in terms of N and g (2) . The lower bound is identical to the exact value for p 1 in the case of no more than two-photon projection as derived in [11] . This is a direct consequence of the quasiconcaveness of both N and g (2) as a function of the quantum stateˆ [12, 13] .
Considering that potential single-photon emitters usually are limited to low Fock-state projections, it is worth mentioning that our lower bound is exact within this restriction and only higher Fock states |n ≥ 3 yield deviations.
The lower bound on the SMPPR,
follows from Eq. (12) by substituting the N in front of the brackets according to Eq. (10).
In this case, we only have one factor of N g (2) that scales the lower bound of the ratio. This factor is reminiscent of the effective second-order correlation functiong (2) 0 as derived in [12] . In particular, when analyzing previous results therein, for N < 1 we could use p 0 ≥ 1 − N and thus used N g (2) as upper bound ong (2) 0 . The only difference here is that we are not limited to N < 1 but only to N g (2) < 1. It thus seems appropriate to propose another effective second-order correlation function, g (2) N = N g (2) .
A few comments are in order. Both the absolute and relative lower bounds become relevant i.e. real and positive, forg
0 , which must have a value below 1/2. However, using the major result from [11] , that for states with g (2) < 1/2 it follows that N < 2, we directly recover that a nonzero SPP is generally given for g (2) < 1/2.
The absolute lower bound on p 1 , on the other hand, is scaled by N and can be arbitrarily small for low excitation N 1.
Both bounds are also hard boundaries. If no more than two-photon projections are given, they are exact equalities as p 1 and p 2 = q are fully described by N and g (2) together with the completeness relation for the density matrix [11] . Likewise, when we increase the contribution from higher Fock states, the value of q for a given g (2) and N decreases. Hence, there is no upper bound on the SMPPR, and the absolute upper bound for p 1 is only exact
For a vanishing effective second-order correlation,g
N → 0, we obtain the correct statement that N = p 1 , while the multi-photon contribution vanishes and p 1 /q diverges. In general, Eq. (14) monotonically increases with decreasingg (2) N . Hence, we can determine an upper bound on the effective second-order correlation function to guarantee a desired SMPPR θ,g
N ≤
This bound is looser than that for vacuum as additional information, Eq. (6), indicating that using a photon-number based effective correlation function may be advantageous when it comes to the SMPPR.
Due to the completeness relation, the SMPPR implies an upper bound on the multiphoton projection,
where we used p 1 ≤ 1 − q. Correspondingly, a lower bound on the sum of vacuum and SPP follows,
This reveals, in accordance with the statement from the introduction, that g (2) does not actually seperate single-from multi-photon projection, but only both single-and zero-photon projection from multi-photon projections.
One fundamental difference compared tog (2) 0 is that ignorance of the additional parameter N can not be as easily compensated as for the vacuum projection p 0 . In the latter case, the monotonicity of the relative lower bound allowed us to set p 0 = 0 and henceg (2) 0 = g (2) and still obtain a lower bound for p 1 /q, albeit not as good as forg (2) 0 . In the case presented here, one would have to set N = 1 for that limit but this would break the lower boundary aspect.
Consider a state with no Fock-state projections above n = 2. As shown above, Eq. (14) becomes an identity. Settingg (2) would yield the correct identity for N = 1, a lower bound still for N > 1, but an upper bound on the single-to-multi-photon projection ratio for N < 1.
Instead, one can again use the result from [11] and set N = 2, its maximum value for g (2) ≤ 1/2. This leads to obtain
However, in these cases, we do not preserve a subset of states, where the formulas would still be exact. For the vacuum-based cases, we would recover exact equalities if the state were limited to projections on single-and two-photon components. Here, the only state yielding an equality is the Fock state |2 that implies p 1 = 0.
To get some deeper insight into the physical meaning ofg (2) N , it is convenient to express this quantity via N and either the photon number variance (∆N ) 2 or the Mandel-Q parameter [14] ,g (2) 
It is clear that N − 1, given for Fock states, is a lower bound forg (2) N . Hence, there is no state with an average photon number N ≥ 2 that can be identified with our criteria. This also follows from the fact that N ≥ 2 requires g (2) ≥ 1/2 and thusg (2) N ≥ 1. However, there is nothing that hinders us from assuming N < 2 and g (2) > 1/2, as long asg (2) N < 1. Thus, we can again extend the range beyond states usually addressed by g (2) < 1/2 and consider even some classical states.
In short, we can distinguish three sets of states: M 1 , the set of statesˆ for which g (2) < 1/2; M 2 , the set of states for whichg (2) N < 1; and M 3 , the set of states for which N < 2. The first two sets constitute states for which our criteria detect nonzero SPP, the third one does not. The relation between these sets is given by
A simple example for states in M 2 /M 1 and M 3 /M 2 are coherent states with N < 1 and 1 ≤ N < 2, respectively. The details of these kinds of states will be discussed in the next section.
IV. COMPARISON BETWEEN EFFECTIVE CORRELATION FUNCTIONS
Having established a connection between the second-order correlation function g (2) , the average photon number N , and the single-photon projection p 1 akin to the results of [12] , an apparent question to ask is, which of the two descriptions yields better boundaries when analyzing an unknown quantum state. More precisely, given a light source that is potentially relevant as a single-photon source, which approach yields tighter bounds for either the absolute SPP, or the SMPPR. For this purpose, let us first analyze the well-known coherent (g (2) = 1), and thermal (g (2) = 2) quantum states [15] . The introduction of the effective second-order correlation functionsg (2) 0,N extends the range of states, which can be identified as having a nonzero SPP, including low-excitation classical states. For vacuum projection as additional information, the range of validity,g (2) 0 < 1/2 yields bounds of N < ln (2) and N < 1/3 for coherent and thermal states, respectively. In comparison, for the average photon number itself, confer Eq. (13), these bounds are shifted up to N < 1 and N < 1/2, respectively. Thus, using the average photon number instead of the vacuum projection allows to identify a larger subset of coherent and thermal states that contain a nonzero SPP.
However, the question of range of validity is independent of the actual bounds imposed on the absolute and relative projections. Thus, in Fig. 1, we bounds for p 1 according to Eqs. (7) and (13) for coherent states. One can see that, for sufficiently low excitation, both the lower and upper bounds are tighter using p 0 instead of N as additional parameter. Hence, despiteg whether one can show which additional information, the vacuum projection or the average photon number, yields preferable results. It turns out this is indeed possible to some extent.
Starting from the absolute upper bound, one can easily show that
The absolute upper bound on p 1 will always be better described by the vacuum-induced bound than by the average photon number. A similar result can be shown for the lower bounds. For large vacuum and low average photon number, we have 1 − p 0 ≈ N and
1/2. Developing the right-hand side of Eq. (7) for low g (2) , we find
In comparison, using the above approximation for N 1 on the right-hand side of Eq. (13) yields (2) .
When vacuum has a dominant contribution and N is significantly below unity, one can expect that using criteria from [12] should be more advantageous than using those derived here. However, when there is little to no vacuum projection, the criteria including average photon number may become better.
For the relative lower bounds, we use an expansion of the right-hand-side of Eq. (5) [12] ,
As we are only interested in the sufficiently low excited cases, whereg (2) N ≈g (2) 0 , we can easily compare this upper bound with the exact formula for the average-photon-number based criterion, Eq. (14) . It is obvious in this notation that the average-photon number will always yield a better lower bound on the SMPPR than the vacuum projection p 0 .
Finally, we discuss the range of states where a nonzero SPP can be detected. The results from Figs. 1,3 indicate that the set of states covered by our criteriong (2) N < 1 is always larger than those described byg (2) 0 < 1/2. We prove this conjecture by means of an indirect proof, showing that a quantum state, whereg For the sake of notation, we denote for the rest of this sectiong
We can write the explicit formula for our effective second-order correlation,
and calculate the SPP,
In order to detect a nonzero SPP, a ratio of the two effective correlation functions follows as
Solving again for p 1 and inserting Eq. (29), we obtain a condition for the multi-photon projections,
Bringing the sums to the right side and simplifying finally gives
As the p n are probabilities they cannot be negative, and at least one of the prefactors has to be below zero. For the lowest value of g = 1, we get n − 2 as the smaller factor, which is still greater or equal to zero due to the sum starting at n = 2. For increasing g this prefactor increases as well, thus yielding no negativities and, hence, Eq. (32) is impossible to realize.
V. APPLICATION
The fluorescent light emitted from a quantum dot is considered one of the best sources for single photons nowadays [16, 17] . The quantum state of these light sources is often assumed to be composed of a perfect single photon Fock state with a small coherent background from the exciting laser [18] ,ˆ
Its full SPP is given by
Depending on the amplitude ofp 1 and the coherent-state average photon number N α = |α| 2 , vacuum contributions 0|ˆ |0 = (1 − p 1 ) exp(−N α ) may be negligibly small and, hence, the range of applicability of Eqs. (5, 7) is limited to the same range as just using g (2) < 1/2. In that case, the standard limit to show nonzero SPP leads to a maximum background N α as function ofp 1 in the form
If the single-photon contribution from the quantum dot is very small,p 1 1, there is virtually no background allowed before it becomes undetectable with the standard criterion.
On the other hand, it diverges in the limitp 1 → 1 as there is no background left.
In contrast, our new criteriong (2) N = N g (2) < 1 leads to the upper bound,
Even for no quantum-dot SPP,p 1 = 0, the background can be analyzed up to N α = 1, as our method can detect the SPP of coherent states. For Eq. (35), this would require at least p 1 = 50% from the quantum dot. To visualize our advance with this additional knowledge, consider the following scenario. For any givenp 1 , we assume the background to be at the boundary given by the right-hand side of Eq. (35). Thus, g (2) is always 1/2 and no SPP can be detected. In contrast, due to the shift of the boundary caused by our additional information, we can give a nonzero lower bound on p 1 and compare with the exact value.
The result of this setup is depicted in Fig. 5 . We see that the overall SPP is not only increasing, but strongly supplemented by the background, despite the second-order correlation function being 1/2. Moreover, our criteria not only give a lower bound that is very precise for strong backgroundp 1 1. Also for large SPP, roughly half the projection is given as a lower bound. The missing contribution may be attributed to the large multiphoton projections in |α . For comparison, we also computed the lower boundary based on the vacuum-criteria, Eq. (7) . Forp 1 ≥ 50%, the lower bound based on this criterion falls off, as vacuum becomes small, and hence we can not obtain more information than from just g (2) .
VI. CONCLUSIONS AND OUTLOOK
We studied the information that can be gained about the SPP of an unknown quantum state of light from measuring its second-order correlation function g (2) and its average photon number N . If the effective second-order correlation function N g (2) falls below unity, there is a nonzero but otherwise arbitrary SPP. We could derive a lower bound on the SMPPR based solely on the effective correlation function, as well as absolute lower and upper bounds on the SPP when using g (2) and N individually. We compared these bounds to those previously derived using the vacuum projection instead of the average photon number as additional parameter. The relative bounds are tighter using the average photon number, while the upper and in case of low excitation the lower bound on the SPP are better described by the vacuum contribution. The set of states detectable with our new criteria encompasses more states than those that can be analyzed with the vacuum based criteria. Our results show that depending on the actual goal when estimating the quality of a single-photon source, it may be different additional parameters that are of relevance.
It is noteworthy that all the criteria based on low g (2) derived here and in the literature are limited to states with comparably low excitation. Highly excited states, even with strong single-photon projections and sub-Poissonian photon distribution, can not be explained as the larger Fock-state contributions obscure the lower projections. It seems questionable if a g (2) -based approach can ever overcome this limitation.
Another open issue is the application of pulsed laser light, which is often used to overcome short coherence times of the emitter [19] . In such a scenario the area of the pulse at zero delay is compared with other pulses to estimate g (2) [20] . However, the effect of these pulsed excitations is difficult to analyze, in particular with respect to its quantum content. Only recently was the description of quantum light in pulses put on solid theoretical footing [21] .
Hence, interpreting the quantum content of the pulses under study with respect to their single-photon projection will be a goal for future research.
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